The existence of coupled coincidence points for mappings satisfying generalized contractive conditions related to ψ and ϕ-maps in an ordered cone metric space is proved. Our results extend and generalize some well-known comparable results in the existing literature.
Introduction
Fixed point theory plays a major role in mathematics because of its applications in many important areas such as optimization, mathematical models, nonlinear and adaptive control systems. Over the past two decades a considerable amount of research work for the development of metric fixed point theory have executed by numerous mathematicians. The fixed points for certain mappings in ordered metric spaces has been studied by Ran and Reurings [16] . In [11] Nieto and López extended the result of Ran and Reurings [16] for nondecreasing mappings and applied their results to obtain a unique solution for a first order differential equation. The existence of coupled fixed points in partially ordered metric spaces was first investigated by Bhaskar and Laksmikantham [3] . So far, many mathematicians have studied coupled fixed point results for mappings under various contractive conditions in different metric spaces. In 2007, Huang and Zhang [5] introduced the concept of cone metric spaces and proved some important fixed point theorems. Afterwards, Sabetghadam and Masiha [17] obtained some fixed point results for generalized ϕ-pair mappings in cone metric spaces. The purpose of this paper is to obtain sufficient conditions for existence of coupled coincidence points for mappings satisfying generalized contractive conditions related to ψ and ϕ -maps in ordered cone metric spaces.
Preliminaries
In this section we need to recall some basic notations, definitions, and necessary results from existing literature.
Definition 1.
[3] Let (X, ⊑) be a partially ordered set and F : X × X → X be a self-map. One can say that F has the mixed monotone property if F(x, y) is monotone nondecreasing in x and is monotone nonincreasing in y, that is, for all x 1 , x 2 ∈ X, x 1 ⊑ x 2 implies F(x 1 , y) ⊑ F(x 2 , y) for any y ∈ X, and for all y 1 , y 2 ∈ X, y 1 ⊒ y 2 implies F(x, y 1 ) ⊑ F(x, y 2 ) for any x ∈ X. Definition 2.
[4] Let (X, ⊑) be a partially ordered set and F : X × X → X and g : X → X be two self-mappings. F has the mixed g-monotone property if F is monotone g-nondecreasing in its first argument and is monotone g-nonincreasing in its second argument, that is, for all x 1 , x 2 ∈ X, gx 1 ⊑ gx 2 implies F(x 1 , y) ⊑ F(x 2 , y) for any y ∈ X, and for all y 1 , y 2 ∈ X, gy 1 ⊑ gy 2 implies F(x, y 1 ) ⊒ F(x, y 2 ) for any x ∈ X. Definition 3.
[3] An element (x, y) ∈ X × X is called a coupled fixed point of the mapping F : X × X → X if x = F(x, y) and y = F(y, x).
Definition 4.
[8] An element (x, y) ∈ X × X is called (i) a coupled coincidence point of the mappings F : X × X → X and g : X → X if gx = F(x, y) and gy = F(y, x),
(ii) a common coupled fixed point of the mappings F : X × X → X and g : X → X if x = gx = F(x, y) and y = gy = F(y, x).
Definition 5.
[4] Let X be a nonempty set. One can say that the mappings F : X × X → X and g : X → X are commutative if g(F(x, y)) = F(gx, gy), for all x, y ∈ X.
Let E be a real Banach space and θ denote the zero element in E. A cone P is a subset of E such that
P is closed, nonempty and P ̸ = {θ};
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax + by ∈ P;
(iii) P ∩ (−P) = {θ}.
For any cone P ⊆ E, we can define a partial ordering ≼ on E with respect to P by x ≼ y if and only if y − x ∈ P. We shall write x ≺ y (equivalently, y ≻ x) if x ≼ y and x ̸ = y, while x ≪ y will stand for y − x ∈ int(P), where int(P) denotes the interior of P. The cone P is called normal if there is a number k > 0 such that for all x, y ∈ E,
The least positive number satisfying the above inequality is called the normal constant of P. Rezapour and Hamlbarani [13] proved that there are no normal cones with normal constant k < 1.
Definition 6.
[2] Let P be a cone. A nondecreasing mapping ϕ : P → P is called a ϕ-map if (ϕ 1 ) ϕ(θ) = θ and θ ≺ ϕ(w) ≺ w for w ∈ P \ {θ}, (ϕ 2 ) w − ϕ(w) ∈ int(P) for every w ∈ int(P),
Definition 7.
[17] Let P be a cone and let (w n ) be a sequence in P. One says that w n → θ if for every ϵ ∈ P with θ ≪ ϵ there exists n 0 ∈ N such that w n ≪ ϵ for all n ≥ n 0 .
A nondecreasing mapping ψ : P → P is called a ψ-map if (ψ 1 ) ψ(w) = θ if and only if w = θ, (ψ 2 ) for every w n ∈ P, w n → θ if and only if ψ(w n ) → θ, (ii) d(x, y) = d(y, x) for all x, y ∈ X;
Then d is called a cone metric on X, and (X, d) is called a cone metric space.
Definition 9.
[5] Let (X, d) be a cone metric space. Let (x n ) be a sequence in X and x ∈ X. If for every c ∈ E with θ ≪ c there is a natural number n 0 such that for all n > n 0 , d(x n , x) ≪ c, then (x n ) is said to be convergent and (x n ) converges to x, and x is the limit of (x n ). We denote this by lim
is called a Cauchy sequence in X.
Definition 11.
[5] Let (X, d) be a cone metric space, if every Cauchy sequence is convergent in X, then X is called a complete cone metric space. (ii) If a n , b n are sequences in E such that a n → a, b n → b and a n ≼ b n for all n ≥ 1, then a ≼ b.
If E is a real Banach space with cone P and if a ≼ λa where a ∈ P and 0 ≤ λ < 1 then a = θ.
Main Results
In this section we always suppose that E is a real Banach space, P is a cone in E with int(P) ̸ = ∅ and ≼ is the partial ordering on E with respect to P. Also, we mean by ϕ the ϕ-map and by ψ the ψ-map, unless otherwise stated. Now, we state and prove our main results. Theorem 1. Let (X, ⊑) be a partially ordered set and (X, d) be a complete cone metric space. Suppose F : X × X → X and g : X → X be two continuous and commuting functions with F(X × X) ⊆ g(X). Let F satisfy mixed g-monotone property and
for all x, y, u, v ∈ X with (gx ⊑ gu) and (gy ⊒ gv) or (gx ⊒ gu) and (gy ⊑ gv). If there exist x 0 , y 0 ∈ X satisfying gx 0 ⊑ F(x 0 , y 0 ) and F(y 0 , x 0 ) ⊑ gy 0 , then F and g have a coupled coincidence point.
Proof. Let x 0 , y 0 be such that gx 0 ⊑ F(x 0 , y 0 ) and
, we can choose x 1 , y 1 ∈ X such that gx 1 = F(x 0 , y 0 ) and gy 1 = F(y 0 , x 0 ). Continuing this process one can construct sequences (x n ) and (y n ) in X such that gx n+1 = F(x n , y n ) and gy n+1 = F(y n , x n ) for all n ≥ 0. We shall show that gx n ⊑ gx n+1 and gy n ⊒ gy n+1 (2) for all n ≥ 0. We shall use the mathematical induction. For n = 0, (2) follows by the choice of x 0 and y 0 . Suppose now (2) holds for n = k, k ≥ 0. Then gx k ⊑ gx k+1 and gy k ⊒ gy k+1 . Mixed g-monotonicity of F now implies that
Similarly, we have gy k+1 ⊒ gy k+2 . Thus (2) follows for k + 1. Hence, by the mathematical induction we conclude that (2) holds for n ≥ 0.
Now for all n ∈ N,
So, there exists n 0 ∈ N such that for all m ≥ n 0 ,
We show that
for a fixed m ≥ n 0 and n ≥ m. Clearly, this holds for n = m. We now suppose that (3) holds for some n ≥ m. Then by using (ψ 3 ) and condition (1), we obtain
Therefore, by induction (3) holds. Since ψ is nondecreasing, it follows from (3) that
for a fixed m ≥ n 0 and n ≥ m. Similarly, ψ(d(gy m , gy n+1 )) ≪ ϵ for a fixed m ≥ n 0 and n ≥ m. Therefore, by using (ψ 2 ) we deduce that (gx n ) and (gy n ) are Cauchy sequences in X. Since X is complete, there exist x * , y * ∈ X such that gx n → x * and gy n → y * as n → ∞. By continuity of g we get lim n→∞ ggx n = gx * and lim n→∞ ggy n = gy * . Commutativity of F and g now implies that ggx n = g(F(x n−1 , y n−1 )) = F(gx n−1 , gy n−1 ) for all n ∈ N and ggy n = g(F(y n−1 , x n−1 )) = F(gy n−1 , gx n−1 ) for all n ∈ N. Since F is continuous, Thus, F and g have a coupled coincidence point.
If we let ψ be the identity map in Theorem 1, then we have the following Corollary.
Corolary 1. Let (X, ⊑) be a partially ordered set and (X, d) be a complete cone metric space. Suppose F : X × X → X and g : X → X be two continuous and commuting functions with F(X × X) ⊆ g(X). Let F satisfy mixed g-monotone property and
Corolary 2. Let (X, ⊑) be a partially ordered set and (X, d) be a complete cone metric space. Suppose F : X × X → X and g : X → X be two continuous and commuting functions with F(X × X) ⊆ g(X). Let F satisfy mixed g-monotone property and
for some k ∈ [0, 1) and all x, y, u, v ∈ X with (gx ⊑ gu) and (gy ⊒ gv) or (gx ⊒ gu) and (gy ⊑ gv). If there exist x 0 , y 0 ∈ X satisfying gx 0 ⊑ F(x 0 , y 0 ) and F(y 0 , x 0 ) ⊑ gy 0 , then F and g have a coupled coincidence point.
Proof. The proof can be obtained from Theorem 1 by taking ψ = I, the identity map and ϕ(x) = kx, where k ∈ [0, 1) is a constant.
The following Corollary is a generalization of the result [[3], Theorem 2.1].
Corolary 3. Let (X, ⊑) be a partially ordered set and (X, d) be a complete cone metric space. Suppose F : X × X → X and g : X → X be two continuous and commuting functions with F(X × X) ⊆ g(X). Let F satisfy mixed g-monotone property and
for some a, b ∈ [0, 1) with a + b < 1 and all x, y, u, v ∈ X with (gx ⊑ gu) and (gy ⊒ gv) or (gx ⊒ gu) and (gy ⊑ gv). If there exist x 0 , y 0 ∈ X satisfying gx 0 ⊑ F(x 0 , y 0 ) and F(y 0 , x 0 ) ⊑ gy 0 , then F and g have a coupled coincidence point.
Proof. Let x, y, u, v ∈ X with (gx ⊑ gu) and (gy ⊒ gv) or (gx ⊒ gu) and (gy ⊑ gv). Using (4), we have d (F(x, y) , F(u, v)) ≼ ad(gx, gu) + bd(gy, gv) and d(F(y, x), F(v, u)) ≼ ad(gy, gv) + bd(gx, gu).
Therefore,
The result follows from Corollary 2.
Theorem 2. Let (X, ⊑) be a partially ordered set and (X, d) be a cone metric space. Suppose F : X × X → X and g : X → X be two functions such that F(X × X) ⊆ g(X) and (g(X), d) is a complete subspace of X. Let F satisfy mixed g-monotone property and
for all x, y, u, v ∈ X with (gx ⊑ gu) and (gy ⊒ gv) or (gx ⊒ gu) and (gy ⊑ gv). Suppose X has the following property: (i) if a nondecreasing sequence (x n ) → x, then x n ⊑ x for all n.
(ii) if a nonincreasing sequence (y n ) → y, then y ⊑ y n for all n. If there exist x 0 , y 0 ∈ X satisfying gx 0 ⊑ F(x 0 , y 0 ) and F(y 0 , x 0 ) ⊑ gy 0 , then F and g have a coupled coincidence point.
Proof. Consider Cauchy sequences (gx n ) and (gy n ) as in the proof of Theorem 1. Since (g(X), d) is complete, there exist x * , y * ∈ X such that gx n → gx * and gy n → gy * . It is to be noted that the sequence (gx n ) is nondecreasing and converges to gx * . By given condition (i) we have, therefore, gx n ⊑ gx * for all n ≥ 0 and similarly gy n ⊒ gy * for all n ≥ 0. By (ψ 2 ), for θ ≪ c, one can choose a natural number n 0 such that ψ(d(gx n , gx * )) ≪ Then,
This shows that d(F(x * , y * ), gx * ) = d(F(y * , x * ), gy * ) = θ and so F(x * , y * ) = gx * , F(y * , x * ) = gy * . Thus, F and g have a coupled coincidence point.
If we let ψ be the identity map in Theorem 2, then we have the following Corollary.
Corolary 4. Let (X, ⊑) be a partially ordered set and (X, d) be a cone metric space. Suppose F : X × X → X and g : X → X be two functions such that F(X × X) ⊆ g(X) and (g(X), d) is a complete subspace of X. Let F satisfy mixed g-monotone property and
Corolary 5. Let (X, ⊑) be a partially ordered set and (X, d) be a cone metric space. Suppose F : X × X → X and g : X → X be two functions such that F(X × X) ⊆ g(X) and (g(X), d) is a complete subspace of X. Let F satisfy mixed g-monotone property and
for some k ∈ [0, 1) and all x, y, u, v ∈ X with (gx ⊑ gu) and (gy ⊒ gv) or (gx ⊒ gu) and (gy ⊑ gv). Suppose X has the following property: (i) if a nondecreasing sequence (x n ) → x, then x n ⊑ x for all n.
Proof. The proof can be obtained from Theorem 2 by taking ψ = I, the identity map and ϕ(x) = kx, where k ∈ [0, 1) is a constant.
The following Corollary is a generalization of the result [[3], Theorem 2.2].
Corolary 6. Let (X, ⊑) be a partially ordered set and (X, d) be a cone metric space. Suppose F : X × X → X and g : X → X be two functions such that F(X × X) ⊆ g(X) and (g(X), d) is a complete subspace of X. Let F satisfy mixed g-monotone property and d(F(x, y), F(u, v)) ≼ ad(gx, gu) + bd(gy, gv) for some a, b ∈ [0, 1) with a + b < 1 and all x, y, u, v ∈ X with (gx ⊑ gu) and (gy ⊒ gv) or (gx ⊒ gu) and (gy ⊑ gv). Suppose X has the following property: (i) if a nondecreasing sequence (x n ) → x, then x n ⊑ x for all n.
Proof. The proof follows from Theorem 2 by an argument similar to that used in Corollary 3.
Theorem 3. In addition to hypothesis of either Theorem 1 or Theorem 2, suppose that any two elements of g(X) are comparable and g is one-one. Then F and g have a coupled coincidence point of the form (x * , x * ) for some x * ∈ X.
Proof. We first note that the set of coupled coincidence points of F and g is nonempty. We will show that if (x * , y * ) is a coupled coincidence point of F and g, then x * = y * . Since the elements of g(X) are comparable, we may assume that gx * ⊑ gy * . Suppose that d(gx * , gy * ) ̸ = θ. Then, by using (ϕ 1 ) we have a contradiction. Therefore, d(gx
